The radio frequency assignment problem is to minimize the number of frequencies used by transmitters with no interference in radio communication networks; it can be modeled as the minimum vertex coloring problem on unit disk graphs. In this paper, we consider the on-line first-fit algorithm for the problem and show that the competitive ratio of the algorithm for the unit disk graph G with χ(G) = 2 is 3, where χ(G) is the chromatic number of G. Moreover, the competitive ratio of the algorithm for the unit disk graph G with χ(G) > 2 is at least 4 − 3/χ(G). The average performance for the algorithm is also discussed in this paper.
Introduction
In the radio communication network, each transmitter must be assigned a frequency channel. The interference between two conflicting transmitters can be avoided by assigning distinct frequencies to them. Due to the limit of radio spectrum, the radio frequency assignment problem [5] is to allocate the minimum number of frequencies for the transmitters such that no interference will occur. This problem can be treated as the minimum vertex coloring problem on unit disk (UD) graphs. The minimum vertex coloring problem on graph G is to find the minimum number of colors such that two adjacent vertices in G are associated with different colors. The 3-coloring problem on UD graphs is NP-complete [2] , and coloring UD graphs remains NP-complete for any fixed number of colors k 3 [3] . Due to the intractability, the authors in [3, 11] proposed 3-approximate algorithms for the problem, respectively.
Coloring graph G on-line assumes the vertices in G are revealed one at a time. When a vertex arrives, the edges between the vertex and previous arriving vertices are realized and we have to determine which color for the vertex. There is no future knowledge for unarriving vertices and the decisions made cannot be changed. An on-line coloring algorithm tries to minimize the number of colors used for vertex coloring in such a circumstance. Several on-line coloring algorithms were proposed for general graphs [7, 1] , interval graphs [8] , circular arc graphs [10, 9] , and split graphs [4] . This paper will discuss the on-line first-fit algorithm for the UD graph coloring problem. The algorithm scans the vertices in the given sequence order and colors the current vertex by the first available color. In each step, it takes O(∆) time, where ∆ is the maximum degree of the graph.
The rest of this paper is organized as follows: Section 2 introduces the properties for unit disk graphs and Section 3 gives the competitiveness for the algorithm. The average performance is provided in Section 4 and some further research directions are in Section 5. 
Unit disk graphs

Competitiveness
The competitive analysis is widely used to analyze the worst performance for an on-line algorithm. An on-line algorithm A is c-competitive if there exits a constant b such that
where C A (σ ) is the cost incurred by A with input σ and C O (σ ) is the cost incurred by the optimal off-line algorithm O with input σ . The competitive ratio of A is the infimum over c such that A is c-competitive.
The on-line first-fit algorithm for the problem will use at most ∆(G) + 1 colors for G. By Lemma 2, we immediately have the following theorem.
Theorem 1. The on-line first-fit algorithm for the UD graph G uses at most 5χ(G) − 4 colors.
The following theorem shows a lower bound of number of colors used by the algorithm in the worst case.
Theorem 2. There exists a UD graph G such that the on-line first-fit algorithm for G uses at least 4χ(G)−3 colors.
Proof. In this proof, we shall construct a UD graph G with χ(G) = ω(G) = ω in the plane. Suppose that ω is even. There are 15ω − 7 vertices in total. These vertices are arranged in 4 equidistant vertical columns. Each column has some equidistant vertices and each ω consecutive vertices in a column form a clique. Let the diameter of a disk be 1. Let y denote the distance between two consecutive vertices in a column and x the distance between two consecutive columns. Then we have (ω − 1)y 1 and ωy 1; An example graph for y = 0.3, x = 0.9 and ω = 4 is depicted in Fig. 2 . Each vertex has its sequence number beside it, while the color numbers for vertices are in parentheses beside the corresponding sequence numbers. In Fig. 2 , there are 53 vertices, and 13 colors are used by the algorithm. It is easy to know that the algorithm needs 4ω − 3 colors for such a UD graph G with ω(G) = ω.
As for odd ω, the construction is similar and is omitted here. ✷ From the above theorem, we immediately have the following corollary. 
Corollary 1. The competitive ratio of the on-line firstfit algorithm for the UD graph G is at least 4 − 3/χ(G).
Theorem 3. The competitive ratio of the on-line firstfit algorithm for the UD graph G with χ(G) = 2 is 3.
Proof. Fig. 3 shows a 2-colorable UD graph. Each vertex has its sequence number beside it, while the color numbers for vertices are in parentheses beside the corresponding sequence numbers. The on-line first-fit algorithm uses 6 colors for the graph in Fig. 3 . From Theorem 1, the UD graph G with χ(G) = 2 can be colored by 5 · 2 − 4 = 6 colors at most using the on-line first-fit algorithm. Therefore, we conclude that the competitive ratio of the algorithm on UD graph G with χ(G) = 2 is 6/2 = 3. ✷ Fig. 3 . A UD graph G with χ(G) = 2.
Average performance and experimental results
This section will discuss the average performance of our algorithm. Let S be a disk of radius R + 0.5 on the Euclidean plane. Let G be the UD graph for N disks of radius 0.5 on S. First of all, we shall find a lower bound of chromatic number for G.
The following theorem about packing a convex body within a convex hexagon will be used to find the lower bound.
Theorem 4 [6, p. 163]. Let H be a convex hexagon and d a convex body on the Euclidean plane. The number of the congruent replicas of d which can be placed without mutual overlapping into H is at most V (H )/V (h), where h is the hexagon of least possible area circumscribed about d and V (H ) and V (h) denote the area of H and h, respectively.
A lower bound of chromatic number for G is given below. Proof. By Theorem 4, the number of the congruent replicas of disks with radius 0.5 which can be placed without mutual overlapping into S is at most
Therefore, the size of maximum independent set for G is at most 4(R + 0.5) 2 . Then we conclude that χ(G) N/A, where A = 4(R + 0.5) 2 . ✷
In the following, we shall use the experimental results to describe the interesting average behavior. We generate the total N uniformly distributed disks (vertices) of radius 0.5 on S. Let X and Y be random variables in interval (0, 1). Each disk has a center of point (r · cos θ, r · sin θ), where r = √ XR and θ = 2πY . In our simulation, 10 sets of N random disks are generated for a given A, and let C ff (N, A) denote the average number of colors used by the on-line first fit algorithm for the UD graphs from the 10 sets of disks. Some of our simulation results are summarized in 
Conclusions
This paper proposes a simple on-line algorithm for the radio frequency assignment problem. We have proved that the algorithm is 3-competitive for the unit disk graph G with χ(G) = 2 and this result is tight. In addition, competitive ratio of the algorithm for the unit disk graph G with χ(G) > 2 is at least 4 − 3/χ(G). To improve these bounds of number of colors used by the algorithm will be an interesting research topic.
Though we have learned the average performance of the algorithm from experimental results, the mathematical analysis is still open. One research direction is to prove or improve Conjecture 1. 
